We have calculated the angle-resolved scattering from several phase only Fresnel zone plates (lenses) and Dammann gratings (beam splitters). We simulate manufacturing errors by random perturbations of the surface-relief pattern, and calculate the irradiance in the far-field by evaluating the Fresnel diffraction integral. Scattering from perturbations of the etch depth is found to be proportional to the square of the ratio of the perturbation divided by the wavelength. Random perturbations of the pattern edges in Fresnel zone plates causes more scattering with shorter wavelengths than with longer wavelengths, but in Dammann gratings this scattering is independent of wavelength. Scattering increases for either small apertures or small f-numbers; but does not depend on either the number of levels in a Fresnel zone plate, the pattern in a Dammann grating, or the form of the probability distribution function.
INTRODUCTION
Binary optics are made by etching or cutting discrete, shallow levels in a pattern on the surface of the optic. These levels affect the wavefront of a transmitted beam by altering the phase. The pattern on the binary optic determines whether the altered wavefront will come to a focus, be split into a number of beams of predetermined relative radiance, suppress reflection, compensate for aberrations in an optical assembly, or perform some other useful optical function. A properly designed and built binary optic can perform all the functions of a conventional lens or grating and some additional functions as well. They have the potential to be very thin, light weight, and mass produced to reduce costs.
Errors or limitations in the manufacture of the binary optic will cause some of the transmitted energy to go in unwanted directions, reducing the usefulness of the optic. In this paper we defme scattering to be the energy diffracted into undesirable angles. Some scattering comes from limitations in the design, and some from limitations in the manufacture. Often a binary optic is designed as a step-wise approximation to a continuous curved surface profile. The better the approximation of the binary optic design to the smoothly curved ideal surface the less will be the scattering. A four level Fresnel zone plate is a better approximation to the ideal surface than a two level Fresnel zone plate. In a Dammann grating there are only two levels, but more transitions within a period can result in a design that puts more energy in the desired diffraction orders and less in the other diffraction orders. Some mask generators can only make rectangle approximations to a curved pattern, the smaller the rectangles the better the approximation and the less the scattering.
Manufacturing errors can be systematic or random. Systematic errors may be uniform deviations from the ideal pattern or etch depths which generally redistribute the energy among the different diffraction orders. Several others have recently studied this source of scattering. 1 The primary interest in this paper is in random errors; variations in etch depth and the location of "transition points" where the surface level changes abruptly. Random roughness, where the variation in surface height is independent of the binary optic pattern, was treated in an earlier paper. That paper also considered random line edge errors for Dammann gratings.
THEORY

Design of Dammann gratings
A Dammann grating has a simple two level phase profile that diffracts most of the incident energy into the first few diffraction orders. The grating can generate one dimensional or two dimensional arrays of equal intensity spots. The name comes from H. Dammann who first proposed this type of grating in 1971. We now consider a one-dimensional symmetrical Dammann grating. The N (per half period) transition points, where the pattern changes abruptly from an upper level to a lower level or from a lower level to an upper level, are labelled {al,...,aN}. We use the convention that a0 = 0 and aN+ = L/2 where L is the period length. The phase function can be written as
By symmetric we mean
The phase term x) is given by 0 if a x a and j is even
The depth of the grating is H, A is the wavelength of light, and n is the index of refraction.
We can determine the relative amplitude Am of the wavefront in each diffraction order m if we assume that the grating is infinite in the x-direction and write g(x) in a Fourier series:
By direct integration we find that
m 0 (7) Equations (6) and (7) agree with the results of Krackhardt and Streibl4 when L = 1 and but contradict the results of others.7
Normally a Dammann gratinis designed by numerically solving equations (6) and (7) for the transition points {a} so that the intensities 'm lAm I' are equal for m = 0, 1, and up to 25 or more. Only occasionally is Po used as a variable. We note from equations (6) and (7) Let us suppose that we desire a particular distribution of energy among the various diffraction orders. We solve equations (6) and (7) assuming a particular wavelength and obtain a set of transition points {a}' and a depth H. The more diffraction orders we specify, the more transition points per period are required. If we now wish to design another Dammann grating to have the same distribution of energy but to work at another wavelength, we find by examining equations (6) and (7) that the previously obtained set of transition points will work at the new wavelength, all we need to do is to change the etch depth H. If the zone plate has a refractive index n, the surrounding medium index is 1, then the etch depth difference H between A Fresnel zone plate is designed to direct energy into the first diffraction order which comes to a focus at a distance f from the zone plate. The fraction of energy in the first diffraction order is usually given by8,
(10) Equation (10) is derived by considering an infinite, M level diffraction grating and by assuming that the Fraunhofer diffraction integral is adequate. Most of the energy which does not go to the first order goes to the third order. The third order comes to a focus at f/3. At the distance f from the lens this energy will be spread uniformly and broadly.
23 Scattering theory
The amplitude of the wavefront u2(x,y) at a distance z from a binary optic is given by the Rayleigh-Sommerfeld diffraction formula9 u2(x,y) = f. 
Etch depth errors
If the surface profile differs from the design profile hd(aj3) by an error term E(aj3) then we may write h(aj3) = hd(aj3) + E(aj3) (12) and so we can write equation (11) as u2(x,y) = s:s: u1(aj3)t(aj3)t(a,P)f(aj3)dadj6
We can now rewrite equation (13) as the sum of the unaberrated wavefront u2(x,y) and the aberrated wavefront u2e (x,y) caused by the error function E(aj3),
where
We see that the amplitude of the aberrated wavefront is proportional to the magnitude of the error, and inversely proportional to the wavelength. This suggests that the aberrated part of the irradiance is inversely proportional to the square of the wavelength and proportional to the average of the squares of the error terms.
Returning to the case where E may be large or small we now make the Fresnel approximations9. Expressed in terms of the Fourier Transform FF, with the transform coordinates and 77, the wavefront amplitude at a distance z from the binary optic is given by u2(x,y) = Bq(x,y)FF{u1 (x,y)t(x,y)q(x,y) =xz, =ypi 
Line edge errors
We now look at the case where the error e, is in the placement of the line edges from their design values {a}. The transmittance function t(aj3) can be written in the one-dimensional case as
and, t(x,y)
We can again write the wavefront u2(x,y) as the sum of the wavefront from the designed binary optic u2d(x,y) and the aberrated wavefront u20(x,y), u2(x,y) = u2(x,y)
If we now make the Fresnel approximations we can write the aberrated wavefront as where ** is a two dimensional convolution. To fmd Te(,T7) we take the Fourier transform of equation (25),
The aberrated wavefront amplitude is proportional to the error term e and does not depend on wavelength. We conjecture that the scattered irradiance is proportional to the average of the square of the error terms.
COMPUTER SIMULATIONS
Method of Calculation
We could calculate the scattering using equation (11), and in some cases we did so, but this results in very long computation times. Using the Fresnel approximations speeds up the calculations, and allows us to solve the problem using Fast Fourier Transforms (FFT). This makes the calculation much faster, but we have to be careful to sample an adequate number of points. Perturbations of the surface profile on the order of 0.1 /.m in 20,000 Lm suggest the need for a large number of data points. A discrete Fourier transform of the binary optic also has the disadvantage that the smallest data increment in the transform plane is Af/D, where D is the diameter of the binary optic illuminated by wavelength A. The approach we have taken, in the one-dimensional case, is to convert the Fourier transform problem (eq. (21)) to a convolution problem (like eq. (26)), then use an FFT to solve the convolution. The two-dimensional case requires a 2-D FFT, which for our problem involves a matrix too big to be solved on a PC (with MathCAD 2.5). We used numerical integration in the two-dimensional case.
The wavefront amplitude of a one-dimensional Fresnel zone plate with a perturbation in the etch depth is found to be u2(x) = FFT{FFT{T(x)}FFT{UQ(x)}} (28) where,
b = Gaussian beam radius (l/e2 intensity point) E = a random number and H is given by eq. (9) . Similarly for random errors in the line edge we add a random number E to the transition point aj instead of the etch depth. Scattering for Dammann gratings is calculatedin a similar manner.2 By averaging over several simulations with new sets of random numbers we can determine trends in the data.
By comparing results using the Rayleigh-Sommerfeld integral (eq. (11)) to the Fraunhofer approximation9 we found that the Fraunhofer approximation is inadequate for a Fresnel zone plate problem. We have found that the Fresnel approximation is inadequate when f < 2r2ir\
where f is the focal length and r is the total number of transition points divided by the number oflevels in the zone plate.
When the f-number is small (as determined by eq. (33)), eq. (11) gives larger values of scattering than the Fresnel approximation.
Scattering in Dammann gratings
We first compare the scattering from Dammann grating design DG1 (see Table I . The aperture is one centimeter in radius and the incident beam is Gaussian with a beam radius of 0.45 cm at the l/e points of intensity. We consider a uniformly distributed random error in the position of the line edges. In Fig. 1 we compare three simulations; random errors of standard deviation 6 = 0, 0.1 jim, and 1.0 m. We have plotted the relative intensity (intensity divided by the peak intensity), out to the + 4 diffraction order, at about 0.75 degrees. The 2048 data points in each curve have been smoothed somewhat by taking the mean of six successive points. The first point plotted is the mean of the first six computer generated points, I to 16, divided by I, the second point plotted i the mean of '2 to 17 divided by L, and so on. We see that the scattering is constant between the diffraction orders. Calculations out to the sixteenth diffraction order show exactly the same result. We also see that a factor of ten increase in the error results in a factor of 100 increase in scattering.
We next assume that there is no error in the line edges, but the etch depth varies randomly from groove to groove about the design value 0.545 pm. We consider standard deviations of 6 = 0.1 pm and 0.01 pm. We use Dammann grating design DG1, as before. The computer simulation results are shown in Fig. 2 . It can be seen that for this case the scattering varies with angle and seems to be relative in magnitude to the nearest diffraction order. As in the line edge errors, the scattering is proportional to the square of the standard deviation of the error. We assume the same refractive index (n = 1.45702) as before. Using this design the zero, 1, 2, and 3 diffraction orders are also equal for 0.4971 jm wavelength.
When random etch depth errors are present then the scattering levels are much higher in the shorter wavelength. This is shown in Fig. 3 for an error of & = 0.1 Lm standard deviation. The angular spread of the scattering and diffraction orders is proportional to the wavelength; we have divided the angle by the wavelength to better compare the two curves. Fig. 3 and several additional computer simulations show that the scattering levels are inversely proportional to the square of the wavelength.
Further work, not shown here, indicates that unlike etch depth random errors, scattering from line edge random errors is not dependent on wavelength. And the same standard deviation using a uniform, a Gaussian, or an exponential probability distribution gives the same level of scattering for both line edge and etch depth random errors. Also, it is found with computer simulations using designs DG3 and DG4 that scattering depends on the magnitude of the etch depth or line edge error, and is independent of the Dammann grating design.
Scattering in Fresnel zone plates
The scattering from Fresnel zone plates is more complicated than the scattering from Dammann gratings. The aperture size, the f-number of the zone plate, the wavelength for which the zone plane is designed, and the number of levels in the design will all make a difference. In addition it makes a difference whether we consider a "one-dimensional" case corresponding to a cylindrical lens (the transition points are lines normal to the x-axis), or the "two-dimensional" case. We will again consider some standard designs, as listed in Table II . We assume an illumination with a Gaussian beam of radius b to reduce the effects of diffraction from the aperture edges. In Fig. 4 we have compared designs FZP1, FZP2, and FZP3 (one-dimensional case) which differ in the number of phase levels. We plot the intensity relative to the peak intensity in each design. Comparing peak intensities reveals that the peak intensity of design FZP2 (four level) is 81.1 percent of the peak in design FZP1 (16 level); the peak in design FZP3 (two level) is 38.1 percent of the peak in design FZP1. The data for the Fresnel zone plates have been "smoothed" in groups of 16 data points as described in section 3.2. The scattering in the two level design (FZP3) appears to fall off and become equal to the four level scattering after five or six degrees from the focal point. This is due to the fact that there are so few transition points in the aperture. Consider Fig. 5 which compares designs FZP4 and FZP5 (one-dimensional case). Both have sixteen levels, but the design which has only 19 transition points (smaller aperture) has more scatter at the smaller angles. Comparing Fig. 4 with Fig. 5 we see that designs FZP1 and FZP5 have equal amounts of relative scatter, even though they have different f#'s and are designed at different wavelengths; the number of transition points is the same. We now look at relative scattering levels for random errors in etch depth and line edge (transition points).
Random etch depth scattering
In Fig. 6 we compare the scattering from random etch depth error in design FZP1. The standard deviation of the error is 5 = 0.1 jim, 0.05 j.m, and 0. An error of 0.05 /.m when the step height is 0.0865 j.m is large; it is 58 percent of the step height. The relative peak heights for the curves in Fig. 6 are 0.588,0.946, and 1. We can compare this result for design FZP5 when the wavelength is 10.6 /.Lm. In Fig. 7 the standard deviation of the random error (6) with an error proportional to the step height; the relative phase error is the same. In both cases the scattering is proportional to the square of the relative phase error.
Comparisons for the two-dimensional case are shown in Figs. 8 and 9 . The standard deviation of the random error in the etch depth (6) is quite large ( 1.0 /m and 0.1 /m) for the simulations based on design FZP1, shown in Fig. 8 . Even for these large random errors it can be seen in the figure that when 6 is increased by a factor of ten, then the relative scattering is increased by a factor of one hundred. The relative peak intensities are .037, .805, and 1. When the scattering relative to the peak increases by a factor of one hundred, and the relative peak decreases by a factor .037/.805 = .046, then the absolute value of the scattering increases by the factor (100)(0.046) = 4.6. In Fig. 9 we compare errors of 6 = 0.256 ,.m and 6 = 0.128 in design FZP4. It appears that there is much more scattering in the small angles for the 6 = 0.256 J.Lm case in Fig. 9 than in the comparable 6 = 0.1 jm case in Fig. 8 . This is largely due to the small aperture size which permits only 19 transition points when. A = 10.6 /.Lm. The level of scattering is much less in the twodimensional case than in the one-dimensional case. Evidently the scattered energy "spreads out" faster in two dimensions. A is more complex. In a Dammann grating scattering from line edge errors is independent of A, but in a Fresnel zone plate there is less scattering at longer wavelengths. Line edge scattering is more uniform than etch depth scattering. The probability distribution function used did not make a difference in the computer simulation results.
The design of a Dammann grating and the number of -9 levels in a Fresnel zone plate affects the proportion of energy 0 5 0 in each diffraction order, but has no effect on scattering from random errors. Scattering increases for small apertures and inaccurate for small f-numbers and the Fraunhofer approximation is inaccurate for Fresnel zone plates.
